Chapter 2

Exercise 2A

1. One solution is z = 1 = cis0 and the other five
solutions divide the complex plane into six equal-
sized regions:

e dcis0. ci T . 2T .oom .27
z cis 0, cis —, cis —, cis , cis ——, ¢is —
3 3 3 3
2. Omne solution is z = 1 = cis0 and the other
five solutions divide the complex plane into eight
equal-sized regions:

z € {cis0, cis £45°, cis £90°, cis £135°, cis 180°}
3. One solution is z = 1 = cis0 and the other

five solutions divide the complex plane into seven
equal-sized regions:

2 4
z € {cisO,cis :|:77r,cis :l:77r, +cis 6:}

4. Start with the one known root and mark in the
other five, each rotated % from the previous.

alm

2

(V3+)

V3+i=,/ (\/§)2+12018 (tan‘l %)

s
ClS6

.25 = —64 has roots

™ ™ 5
€ q2cist—,2cist—,2cis+—
z { cis 5 cis 5 cis 6}

5. Start with the one known root and mark in the
other four, each rotated %O = 72° from the pre-
vious.

Im

1—i=+2cis—45°
2 e {\@cis—45°,f2cis—117°, V2 cis 27°,
V2 cis 99°, /2 cis 1710}

6. Start with the one known root and mark in the
other four, each rotated 90° from the previous.

alm

(3 + 4i)

7. (a) 241 =4+4i+i 2
=3+ 4i
(b) 2+0)* = ((2+0)?)°
= (3 +4i)*
= 9 4 24i + 16i>
= —7+ 24

(¢c) We know that z = 2 41 is a solution from
the preceding work. Start with this solu-
tion and find the other three, each rotated
90° from the previous.

alm

(24i)

(d) Solutions are
ze{(2+1),(-14+2i),(1 —-2i),(-2—-1)}

2cis 20°)°

2 cis 20°)(2 cis 20°)(2 cis 20°)3

4 cis 40°)(2 cis 20°)(2 cis 20°)

4 cis 40°) (4 cis 40°) (2 cis 20°)
°) °)

)

8. k=

~ ~~ —~~

= (16cis80°)(2cis 20
= 32¢is(100)°



Exercise 2B

Solutions to A.J. Sadler’s

(This is unnecessarily long-winded, but I haven’t
wanted to anticipate the next section. Students
should be able to see how to do this in a single

step.)

Now the other four solutions are simply 72° ro-
tations of the first. (The first is also included for
completeness.)

Exercise 2B

It is useful for much of the work in this section to be
familiar with Pascal’s triangle and its role in binomial

expansions:
0: 1
1: 1 1
2: 1 2 1
3: 1 3 3 1
4: 1 4 6 4 1
o 1 5 10 10 5 1
6: 1 6 15 20 15 6 1
ete.
1. To prove:
(cosf +isin@) ™! = cos —6 + isin —6
Proof:

L.H.S. = (cos +isinf) !
1
cosf +isinf
cosf —isin@

- (cosf + isinf)(cos — isin0)
cosf —isinf

cos20 —i2sin% 0
cosf —isin@
cos2 0 + sin’ 0
=cosfh —isinf

= cos —0 + isin —0
= R.H.S.

4 4
2. 4 :cos—7r—|—isin—7r
6 6

27r+,, 2
= cos — +isin —
3 3
5
3. 2% =2%cis —
z cis 5
5
= 32cis —
cis 5

z € {2¢is20°,2¢is 92°, 2 cis 164°,
2 cis(—52°), 2 cis(—124)°}

. The four solutions will be separated by 90°. From

previous work it should be clear how this relates
to the complex numbers in a4+ bi form so that no
working is required. (See, for example, question
7.)

51

.z =3%cis =

3

= 243 cis <_§)
— 23 (cos (—%) +isin (—%))

(matching the style of our answer to that of the
question.)

. c0s20 + isin 20 = (cosd + isin)*

= cos? 0 + 2isin 6 cos § + i2sin® 0

= cos? 0 — sin? 0 + 2isin @ cos O

Now equating real and imaginary parts we obtain

cos20 = sin® 6 — cos? 0

and sin26 = 2sinf cosd

. cos30 +isin30 = (cosf + isin0)*

= cos® 0 + 3isin 6 cos? 6

+ 3i%sin? @ cos § + i3 sin® 0
= cos® 0 + 3isin 6 cos? 6

— 3sin?fcosf —isin® @
=cos®# — 3sin?fcosh

+1(3sin 6 cos® f — sin® 0)

Now equating real and imaginary parts we obtain

sin 30 = 3sin cos® # — sin®
and cos 30 = cos® 0 — 3sin? @
= cos® 0 — 3(1 — cos? )
=cos’ 0 +3cos’H —3
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Exercise 2B

7. cosbf + isinbf
= (cos @ +isin6)®
= cos® 0 + 5icos® @sin @ — 10 cos® Osin? 0
— 10i cos® @sin® 0 + 5 cos @ sin 0 + isin® 6
= cos® § — 10 cos® #sin 0 + 5cos B sin* 6
+i(5cos? @sin @ — 10 cos? fsin® § + sin® 9)
cos 58 = cos® @ — 10 cos® fsin? 6 + 5 cos f sin’ 4

sin 50 = 5cos? Osin @ — 10 cos® O sin® 6 + sin® 0
6
8. (1+1)f = (ﬂcis%)
6 6
= (\/5) cis—ﬂ-
4
3T

CIS2

— 8cis —
cis —

9. (V3+1i)® = ( (\/§)2 +12cis (tan"l \%))5

T\ 5
= 2 .‘7>
(Cls6

= 2% cis 51
6

= 32cis 51

10. (=3 +3V3i)* = (3(—1 + \/5))4
=34(-1+V3)*

4
=81 <2 cis (tan’l \/?>>
4
2T
=81 (2cis —
( cis 3)

=81 x 24c;is%7T

21
= 1296 cis —
cis 3

11. (4 — 4\/5)% = (\/mas (tzm'1 44\/§>> ’

The other two cube roots are rotated by %’“, ie.
2cis (—7—“) and 2 cis 5.

9 9
12. z* = 16i
i
p— 16 1 —
C1S 2
7\ i
= ]_6 1 7)
z ( CI1S 2
T
:2 s —
C1S 8

The other three roots are rotated by 7, i.e.

2 cis (f%ﬂ), 2 cis (f%’r) and 2 cis %’T.

13. \/(8\/5)2 + (8\/5)2 ~ 16

3
4 .

= 16 cis —
z cis 1

3
= 2 s —
z cis 16

The other three roots are rotated by 7, i.e.
2 cis (—?—g), 2 cis (—13’—”) and 2cis

16 16 °
14. 2z 4+4=0
=4
=4dcism
z = \/icis%

The other three roots are rotated by 7, i.e.

V2eis (=%), v2cis (—2) and v2cis 2.

15. |2’1|

Il
DN | =
/7~
5
~——
[ V]
+
~
S
~——
[\v]

arg(z) = tan™ —

|22

Il
DN | =
~~
S
~—
(V]

+
—
5
~——
(V]

I
S

arg(ze) = tan™ —

T
6
29 = \@cisE

6
6 7r
Zl = (\/5) CIS?
= 8cis0
3 .3
2 = (\/§> cis %
= 2V/2cis g
4
23 = 2% cis g
— 16.cis =
2923 (8cis0) (2v2cis §)
2 16 cis §
B 16v/2 cis 5
~ 16cisZ

V2



Exercise 2C

Solutions to A.J. Sadler’s

Exercise 2C

1-6 No working required.

9. 9v2e T = 9&@({

=92 (cosj —s—isinj

4
= 9\/5 (cos %i sin %)
1 1
=9V2(—=— —=i
( 2 V2 )
=9—0i
10. 2675 = 2cis _277

=2 cos_—gm—l—isin_—57T
N 6 6

2 (—cos% —isin%)

— \3-i
11. 10e% = 1OCis2§
2 2
=10 <cos ?ﬂ + isin ;)

=10 (—cosg +ising)

12. 10T =10 cis%7r
=10 <cos %T +isin 32)

=10 <fc0s£ +isin%)

V2 V2,
=10 (—2 + 21)

= —5vV2+5V2i

)

13. 16V/3 4 6i] = /62 x 3 + 62

=12

arg(6v/3 + 6i) = tan™ ——
g( ) 6v3

6v/3 + 6i = 12

14. |-1—V3i|=v1+3

=2
arg(—1 — v/3i) = tan’! —v/3-1
2
= —g (3rd quadrant)
1 —V3i=2F
T
15. 3i=3cis -
i=3cis g
=3¢z
16. —2 =2(-1)
= 27

17. r=1/52 4122
=13

12

0 =tan' —=

an 5

=118 (

5+ 12i = 13e" ¥

2d.p.)

18. r=1/22 4+ 72
=53
-7
0 =tan' —
an B)
=129 (2d.p.)

2 - Ti=53e "

19. To find a complex conjugate, keep the modulus
unchanged, and take the opposite of the argu-
ment. Thus if z = rel? then z = re 1.

20. (a) z2=4e7s

—_16 cosg + 1615111%

= —8+83i
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(c) 1 _ 4e%i>_1 then sine:
z
167?
= - i0 —if
4 e —e
1 x 1. RHES = —;
T3y Ty _ cosf +isinf — cos —f — isin —0
1 V3. o 2i
:g_?1 _ cost) +isinf — cos B +isinf
B 2i
_ 2isiné
1 2
21. (a) LHS = cisnf = sinf
= (cis n@)_1 = LHS
= cis(—nb)
= RHS
. O
1
(b) LHS = — 7
0115 " 23. (a) No working required: simple application of
= — the chain rule.
en 1
_ efnai
. (b) No working required: simple application of
= cis(—nb) .
the chain rule.
RHS
O d d
A o2y 94 o2
) (©) g5 (") =3 ")
HS = __ 2410
(c) LHS cisnf =1

1
=— Alternatively, bearing in mind that e? is a

cosnf + isinnfd
* .. constant, we can do
cosnb — isinnb

(cosnf + isinnd)(cos nf — isinnf)
cosnf — isinnfd

i0 2 . 210
- — (e'e”) = ie“e
cos2 nf — i2 sin® nf do ( )
_ cosnb —isinnb
cos? né + sin® nd in a single step.
= cosnb — isinnd
= cos(—nb) + isin(—nb)
= cis(—nb) . iz
_ RHS 24. (a) /em” dz = o +c
O ieQiz
= _2 + C
1- 2ix
22. (a) First cosine: =—;ie"" +c
i0 —i0 3ix
RHS = % (b) / 3T 4y = eBi +e
_cosf +isinf + cos —0 +isin —0 jediT
B 2 =3 +c
_cosf +isinf + cos —isin6 1.
2 = 7516 +c
_ 2cost
2 4 AT
= cos @ (c) /e3+“ de = ——+c
i
= LHS B ieS+iw N
H _jedtiT 4




Miscellaneous Exercise 2

Solutions to A.J. Sadler’s

25. /emcosxdsﬁ—i/emsinxdx

= /ex(cosx +isinz)dx

:/ x IZ dx
:/e(lﬁ)w dz

(1+1)z
= 11 +c

(1 )e(1+1)x
S

(1 ) r+iz
:ﬁ“
_ (-
= D) +c

e’ o
25(1—1)(:15:104—0
:%(1—1)(COS$+iSin.’L‘)—|—C
:%((cosx+isinx)—i(cosz+isinx))+c
:%(COS$+iSiIlCU—iCOSl’—i2Sin.’E))+c

T
=3 (cosz +isinz —icosz +sinzx)) + ¢

e(sinz + cosx) . e*(sinz — cosx)
= 5 +1 5 +c

Miscellaneous Exercise 2

1. cosf +isin @ = &'’
cosnl + isinnd = e"?

= ()"

= (cosf +isinf)"

2. cosf +isind = el
cos(—nd) + isin(—nbh) = e~ ind
= (do) "

= (cosf +isinf) "

3. (a) z+z=a+bi+a—0bi
= 2a
(b) z+Z=a+bi— (a—bi)
= 2bi
(¢) 2z = (a—+ bi)(a—bi)
— a2 22

:(L2+b2

Equating real and imaginary parts (and bearing
in mind that the constant of integration can also
have real and imaginary parts) gives

/e”” cosadp — e”(sin :c2+ cosx) Lo

and /emsinxdx:w—i—c
z 22
d) - =2
~ (a+bi)?
T
B a® + 2abi + b%i?
= e
_a® — b* 4 2abii?
=
L Z reif
z  rei?
oif
T o0
— b0
_ 20

5. Most of these require no working. About half of
them need the chain rule, but in such a straight-
forward way that you should be able to differen-
tiate them in a single line.
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dz+1 (-1 —(z+1)

(i)

dex—1 (x —1)2
_ 2
(x —1)?
dy dy
6. 3y+3z—+2y— =7
(a) 3y+ xdx+ Vi
dy
—Br+2y)=7-3
I 3T +29) y
dy 73y
dz  3z+2y
dy dy
9 24y 2 _ ay
(b) 2zy+x dx+3x y—l—a:dm
dy  dy
2 QY A oy — 342
xdx a:dx y— 22y — 3z
d
%(mj—x):y—Qxy—SxQ
%_y—2xy—3:c2
dr  z(zx—1)
o W _dat
de  dtdz
1
2
dy dydit
@ &~ @
3¢
6t —2

7. Let P(n) be the proposition that 5™ + 7 x 13™ is
a multiple of 8. The initial case, where n = 1:

5'+7x13'=54+7x 13
=96
=8(12)

The statement is true for the initial case: we have

established P(1).

Assume P(k), that is, that the statement is true

for n =k, so.
58 +7x 13F = 8a
for some integer a.
Then forn =k +1
517 o 13kl
=5x5"4+13 x 7 x 13F
=5 x5+ (548) x7x13F

=5x5" +5x7x13* +8x 7 x 13F
=50 +7x13F) +8x 7 x 13"

=5(8a) + 8 x 7 x 13F
=8(5a + 7 x 13")

8.

which is a multiple of 8.

Thus P(k) = P(k+1) (i.e. if the statement
is true for n = k it is also true for n = k + 1).

Hence since the statement is true for n = 1 it

follows by mathematical induction that it is true
for all integer n > 1. O

u—3

:2 =
U r+3 x 5
du =2dx dx:%
2

/ 5x dx_/5(u—3)@

V2r+3 2V/u 2
*§ ujgdu
=1 7

V28 4+302x+3-9)+c
V2 432z — 6) + ¢
V2r+3(x—-3)+c

Wl oo gt ot Ot x| Ot

3|z — 5] = 2|z + 5i|
3|z + iy — 5| = 2|z + iy + 5i
3z — 5+ iy = 2|z + (y + 5)i|
32 — 5+ iyl> = 22|z + (y + 5)i|?
9((x=5%+y%) =4 (2 + (y +5)°)
9 (2 — 102 +25+y?) =4 (2° + y* + 10y + 25)
922 — 90z + 225 + 9y? = 422 + 4> + 40y + 100
522 — 90z + 5y — 40y = —125
22— 18z +y* — 8y = —25
(-9 81+ (y—4)*-16=—25
(z=92+@y—4)>*=72
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