
Chapter 3

Exercise 3A

1. For students with limited experience with hard-
ware, the right hand screw rule explained in
Sadler is not a very helpful mnemonic. An alter-
native method of remembering the relationships
between axes in three dimensions is the “Right
Hand Rule”. In this rule, the x, y and z axes
correspond to thumb, index finger and middle
finger respectively as illustrated below.

2. (a) a + b = (2 + 3)i + (6 + 8)j + (3− 1)k
= 5i + 14j + 2k

(b) a− b = (2− 3)i + (6− 8)j + (3−−1)k
= −i− 2j + 4k

(c) 2a + b = (2× 2 + 3)i + (2× 6 + 8)j
+ (2× 3− 1)k

= 7i + 20j + 5k

(d) 2(a + b) = 2(5i + 14j + 2k)
= 10i + 28j + 4k

(e) a · b = 2× 3 + 6× 8 + 3× (−1)
= 51

(f) b · a = a · b
= 51

(g) |a| =
√

22 + 62 + 32

=
√

49
= 7

(h) |a + b| =
√

52 + 142 + 22

=
√

225
= 15

3. (a) c + d =

−1 + 2
4 + 0
3 + 4


=

 1
4
7


(b) c− d =

−1− 2
4− 0
3− 4


=

−3
4
−1



(c) 2c + d =

 2×−1 + 2
2× 4 + 0
2× 3 + 4


=

 0
8
10


(d) 2(c + d) = 2

 1
4
7


=

 2
8
14


(e) c · d = −1× 2 + 4× 0 + 3× 4

= 10

(f) d · c = c · d
= 10

(g) |c| =
√

(−1)2 + 42 + 32

=
√

26

(h) |c + d| =
√

12 + 42 + 72

=
√

66

4. (a) e− f = 〈1−−1, 4− 2,−3− 0〉
= 〈2, 2,−3〉

(b) e− 2f = 〈1− 2×−1, 4− 2× 2,−3− 2× 0〉
= 〈3, 0,−3〉

(c) 2e + f = 〈2× 1 +−1, 2× 4 + 2, 2×−3 + 0〉
= 〈1, 10,−6〉

(d) e + f = 〈1 +−1, 4 + 2,−3 + 0〉
= 〈0, 6,−3〉

(e) e · f = 1×−1 + 4× 2 +−3× 0
= 7

(f) (2e) · (3f) = 2× 3× e · f
= 6× 7
= 42

(g) (e− f) · (e− f) = 22 + 22 + (−3)2

= 17

(h) |e− f | =
√

22 + 22 + (−3)2

=
√

17

5. (a)
−→
AB =

−→
OB−

−→
OA

= (3i + 2j + k)− (2i + 3j +−4k)
= i− j + 5k

(b)
−→
BC =

−→
OC−

−→
OB

= (−5i− j + k)− (3i + 2j + k)
= −8i− 3j
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Exercise 3A Solutions to A.J. Sadler’s

(c)
−→
CA =

−→
OA−

−→
OC

= (2i + 3j− 4k)− (−5i− j + k)
= 7i + 4j− 5k

(d)
−→
AC = −

−→
AC

= − (7i + 4j− 5k)
= −7i− 4j + 5k

6. (a) p + q =

 3 + 4
2− 1
1 + 3


=

 7
1
4


(b) q + r =

 4 + 2
−1 + 0
3 + 1


=

 6
−1
4


(c) (p + q) · (q + r) =

 7
1
4

 ·
 6
−1
4


= 7× 6 + 1×−1 + 4× 4
= 57

7. (a) |u| =
√

32 + (−2)2 + 62

= 7

(b) |v| =
√

22 + 142 + 52

= 15
(c) u · v = 3× 2 +−2× 14 + 6× 5

= 8
(d) u · v = |u||v| cos θ

8 = 7× 15 cos θ

θ = cos-1
8

105
= 85.6◦

8. cos∠AOB =
−→
OA ·

−→
OB

|
−→
OA||

−→
OB|

=
1× 2 + 1×−1 +−1× 2√

12 + 12 + (−1)2
√

22 + (−1)2 + 22

=
−1
3
√

3

∠AOB = cos-1
−1
3
√

3
= 101◦

9. cos θ =
p · q
|p||q|

=
−1×−1 + 2× 1 + 1×−2√

(−1)2 + 22 + 12
√

(−1)2 + 12 + (−2)2

=
1
6

θ = cos-1
1
6

= 80◦

10. cos θ =
s · t
|s||t|

=
2× 3 + 1× 0 +−1× 3√

22 + 12 + (−1)2
√

32 + 02 + 32

=
3√

6× 3
√

2

=
1√
6
√

2

θ = cos-1
1√
6
√

2
= 73◦

11. (a) Let u be a scalar multiple of r having unit
magnitude.
|r| =

√
22 + (−3)2 + 62

= 7

∴ u =
1
7
r

=
1
7

(2i− 3j + 6k)

(b) Let v be a scalar multiple of r having the
same magnitude as s. If it’s a scalar multi-
ple of r then it’s also a scalar multiple of u,
so
|s| =

√
32 + 42

= 5
∴ v = 5u

=
5
7

(2i− 3j + 6k)

(c) Scale s by the ratio of the magnitudes of r
and s.
|r|
|s|

s =
7
5

(3i + 4k)

(d) cos θ =
r · s
|r||s|

=
2× 3− 3× 0 + 6× 4

7× 5

=
30
35

=
6
7

θ = cos-1
6
7

= 31◦

12. (a) Vectors are scalar multiples of each other
(the second is double the first) so they are
parallel.

(b) Not scalar multiples, so not parallel.
(3i + 2j− k) · (i− j + 3k) = 3− 2− 3

= −2
Dot product is not zero, so not perpendicu-
lar.

(c) Not scalar multiples, so not parallel.
〈1, 3,−2〉 · 〈−2, 3, 1〉 = −2 + 9− 2

= 5
Dot product is not zero, so not perpendicu-
lar.
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Unit 3C Specialist Mathematics Exercise 3A

(d) Not scalar multiples, so not parallel.

〈1, 2, 3〉 · 〈3, 3,−3〉 = 3 + 6− 9
= 0

Dot product is zero, so vectors are perpen-
dicular.

(e) Not scalar multiples, so not parallel. 3
2
−1

 ·
 5
−7
1

 = 15− 14− 1

= 0

Dot product is zero, so vectors are perpen-
dicular.

(f) Not scalar multiples, so not parallel.−2
6
8

 ·
 1
−3
4

 = −2− 18 + 32

= 12

Dot product is not zero, so vectors are not
perpendicular.

(g) Not scalar multiples, so not parallel. 3
1
5

 ·
 6

2
−4

 = 18 + 2− 20

= 0

Dot product is zero, so vectors are perpen-
dicular.

13. F1 + F2 + F3 = (5 + 3− 2)i + (10 + 5 + 3)j
+ (5 + 5− 1)k

= (6i + 18j + 9k) N

|F1 + F2 + F3| =
√

62 + 182 + 92

= 21N

14.
−→
BA =

−→
OA−

−→
OB

−i + 3j + 4k = (2i + 3j− 4k)−
−→
OB

−→
OB = (2i + 3j− 4k)− (−i + 3j + 4k)

= 3i− 8k

The position vector of B is 3i− 8k.

15. (a + b) + (a− b) = 2a 7
1
2

+

 3
3
−4

 =

 10
4
−2


∴ a =

1
2

 10
4
−2


=

 5
2
−1


(a + b)− (a− b) = 2b 7

1
2

−
 3

3
−4

 =

 4
−2
6


∴ b =

1
2

 4
−2
6


=

 2
−1
3


16. b is parallel to a so they are scalar multiples, i.e.

b = ka. By examining the i and j components
we can see that k = 2 so p = 2× 1 = 2.

c is perpendicular to a so they have zero dot
product, i.e.
2× 7 + 3q + 1×−2 = 0

12 + 3q = 0
q = −4

d is perpendicular to b, but b is parallel to a so
d is perpendicular to a.

d · a = 0
3× 2− 4× 3 + r × 1 = 0

−6 + r = 0
r = 6

Note that even though both are perpendicular to
a, c is not parallel to d (as they would be in two
dimensions).

17. (a) (−4i− 4j + 11k) + (2i + 4j− 2k) = (−2i + 9k) m

(b) (−4i− 4j + 11k) + 2 (2i + 4j− 2k) = (4j + 7k) m

(c) (−4i− 4j + 11k) + 3 (2i + 4j− 2k) = (2i + 8j + 5k) m

| (2i + 8j + 5k) | =
√

22 + 82 + 52

= 9.6m

(d) | (−4i− 4j + 11k) + t (2i + 4j− 2k) | = 15
|(−4 + 2t)i + (−4 + 4t)j + (11− 2t)k| = 15√
(−4 + 2t)2 + (−4 + 4t)2 + (11− 2t)2 = 15

(−4 + 2t)2 + (−4 + 4t)2 + (11− 2t)2 = 152

24t2 − 92t+ 153 = 225
t = 4.5s (ignoring the negative root)
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Exercise 3A Solutions to A.J. Sadler’s

18. A, B and C are collinear if
−→
AB = k

−→
AC.

−→
AB = (3i + j− 4k)− (7i + 5j)

= −4i− 4j− 4k
−→
AC = (2i− 5k)− (7i + 5j)

= −5i− 5j− 5k
−→
AB =

4
5
−→
AC

∴ A, B and C are collinear. �

19. Let P be the point that divides AB in the ratio
2:3.
−→
OP =

−→
OA +

2
5
−→
AB

=

 3
4
4

+
2
5

−2
9
−1

−
 3

4
4


=

 3
4
4

+
2
5

−5
5
−5


=

 3
4
4

+

−2
2
−2


=

 1
6
2


20.
−→
AB = (4i− j + k)− (3i + 2j− k)

= i− 3j + 2k
−→
OP =

−→
OB +

−→
BP

=
−→
OB +

−→
AB

= (4i− j + k) + (i− 3j + 2k)
= 5i− 4j + 3k

21.
−→
AB = (9i + 6j− 9k)− (5i− 2j + 3k)

= 4i + 8j− 12k
−→
OP =

−→
OA +

3
4
−→
AB

= (5i− 2j + 3k) +
3
4

(4i + 8j− 12k)

= (5i− 2j + 3k) + (3i + 6j− 9k)
= 8i + 4j− 6k

22.
−→
AB = (3k)− (2i + 3j + 2k)

= −2i− 3j + k
−→
AC = (4i− 3j + 2k)− (2i + 3j + 2k)

= 2i− 6j
−→
BC = (4i− 3j + 2k)− (3k)

= 4i− 3j− k
−→
AB ·

−→
AC = −4 + 18 + 0

= 14
−→
AB ·

−→
BC = −8 + 9− 1

= 0

∴ AB ⊥ BC and4ABC is right angled at B. �

23. Let α be the angle a makes with the x−axis.

cosα =
a · i
|a||i|

=
(2i + 3j− k) · (i)√
22 + 32 + (−1)2 × 1

=
2√
14

α = cos-1
2√
14

= 57.7◦

Let β be the angle a makes with the y−axis.

cosβ =
a · j
|a||j|

=
(2i + 3j− k) · (j)√

14

=
3√
14

β = cos-1
3√
14

= 36.7◦

Let γ be the angle a makes with the z−axis.

cos γ =
a · k
|a||k|

=
(2i + 3j− k) · (k)√

14

=
−1√
14

γ = cos-1
−1√

14
= 105.5◦

We want the acute angle, so we need the supple-
mentary angle:
180− 105.5 = 74.5◦

24. Vector d:

d = λa + µb + ηc

7i− 5j + 10k = λ (i− 2j + 3k)
+ µ (2i + j− k)
+ η (4i− j + 3k)

Equating i, j and k components gives three equa-
tions in three unknowns:

λ +2µ +4η = 7
−2λ +µ −η = −5

3λ −µ +3η = 10

Solving this using the Classpad. On the 2D tab,

tap on . Tap the same icon a second time

to expand to three lines . Fill in the
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Unit 3C Specialist Mathematics Exercise 3A

three equations. Use x, y, z in place of the Greek

letters:

d = a− b + 2c

Vector e:

e = λa + µb + ηc

i− 5j + 8k = λ (i− 2j + 3k)
+ µ (2i + j− k)
+ η (4i− j + 3k)

Equating i, j and k components gives three equa-
tions in three unknowns:

λ +2µ +4η = 1
−2λ +µ −η = −5

3λ −µ +3η = 8

Solving this using the Classpad gives λ = 1, µ =
−2, η = 1.

e = a− 2b + c

Vector f:

f = λa + µb + ηc

2j− 2k = λ (i− 2j + 3k)
+ µ (2i + j− k)
+ η (4i− j + 3k)

Equating i, j and k components gives three equa-
tions in three unknowns:

λ +2µ +4η = 0
−2λ +µ −η = 2

3λ −µ +3η = −2

Solving this using the Classpad gives λ = −2, µ =
−1, η = 1.

f = −2a− b + c

25. (a)
−→
DC = (10i) cm
−→
DB = (10i + 4k) cm
−→
DI = (3j + k) cm

(b) cos∠IDB =
−→
DI ·
−→
DB

|
−→
DI||
−→
DB|

=
(3j + k) · (10i + 4k)
| (3j + k) || (10i + 4k) |

=
0 + 0 + 4√

02 + 32 + 12
√

102 + 02 + 42

=
4√

10
√

116
∠IDB = 83◦

26. (a)
−→
AO = (0)− (4i + 2j)

= (−4i− 2j)

|
−→
AO| =

√
(−4)2 + (−2)2 + 02

=
√

20
−→
AE = (8k)− (4i + 2j)

= (−4i− 2j + 8k)

|
−→
AE| =

√
(−4)2 + (−2)2 + 82

=
√

84

cos∠OAE =
−→
AO ·

−→
AE

|
−→
AO||

−→
AE|

=
16 + 4 + 0√

20
√

84

=
20√

20
√

84
∠OAE = 60.8◦

(b)
−→
DB = (−4i + 2j)− (4i− 2j)

= (−8i + 4j)

|
−→
DB| =

√
(−8)2 + 42 + 02

=
√

80

cos θ =
−→
AE ·

−→
DB

|
−→
AE||
−→
DB|

=
32− 8 + 0√

84
√

80

=
24√

84
√

80
θ = 73.0◦

27. (a)
−→
AB =

 3
3
3

−
−3

1
2

 =

 6
2
1


−→
BC =

 2
1
6

−
 3

3
3

 =

−1
−2
3


−→
AC =

 2
1
6

−
−3

1
2

 =

 5
0
4


(b) |

−→
AB| =

√
62 + 22 + 12

=
√

41

|
−→
BC| =

√
(−1)2 + (−2)2 + 32

=
√

14

|
−→
AC| =

√
52 + 02 + 42

=
√

41
AB = AC so 4ABC is isosceles. �

(c)
−→
AC ·

−→
AC = 25 + 0 + 16

= 41

Alternatively,
−→
AC ·

−→
AC = |

−→
AC|2

=
(√

41
)2

= 41

5
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(d) cos∠A =
−→
AB ·

−→
AC

|
−→
AB||

−→
AC|

=
30 + 0 + 4√

41
√

41

=
34
41

∠A = 34.0◦

∠A + ∠B + ∠C = 180◦

∠C = ∠B (isosceles)
∴ ∠A + 2∠B = 180◦

2∠B = 180◦ − 34.0◦

= 146.0◦

∴ ∠B = ∠C = 73◦

28. Let vA be the velocity of the first bird, and vB

that of the second. The apparent velocity of the
second from the point of view of the first is

BvA = vB − vA

−i + 3j− k = vB − (4i + j + k)
vB = (−i + 3j− k) + (4i + j + k)

= (3i + 4j) m/s

|vB| =
√

32 + 42 + 02

= 5 m/s

29. If the aircraft are following the same path, their
velocity vectors must be scalar multiples. B is
behind A but is closing the gap at 35 m/s, so it
must be flying 35 m/s faster than A.

|vA| =
√

602 + (−1202) + 402

= 140 m/s
|vB| = 140 + 35

= 175 m/s

vB =
175
140

vA

=
5
4
vA

=
5
4

(60i− 120j + 40k)

= (75i− 150j + 50k) m/s

Exercise 3B

1. (a) r = 3i + 2j− k + λ (2i− j + 2k)

(b)


x = 3 + 2λ
y = 2− λ
z = −1 + 2λ

2. Note that there are many possible correct an-
swers to questions like these. This answer is dif-
ferent to Sadler’s. Convince yourself that they
are both correct. (What are some other possible
correct answers?)

(a)
−→
AB = (3i + j + k)− (4i + 2j + 3k)

= −i− j− 2k

r = 4i + 2j + 3k + λ
−→
AB

= 4i + 2j + 3k + λ (−i− j− 2k)

(b)


x = 4− λ
y = 2− λ
z = 3− 2λ

3. r · (3i− j + 5k) = (2i− 3j + 2k) · (3i− j + 5k)
r · (3i− j + 5k) = 6 + 3 + 10
r · (3i− j + 5k) = 19

4. r ·

 5
1
3

 =

 2
1
−3

 ·
 5

1
3


r ·

 5
1
3

 = 10 + 1− 9

r ·

 5
1
3

 = 2

5. No working required. See Sadler for solution.

6. No working required. See Sadler for solution.

7. Substitute the given point as r:

ai + 7j + 5k = 2i + bj− k + λ (−3i + j + 2k)
k components:

5 = −1 + 2λ
λ = 3

i components:
a = 2− 3λ

= 2− 3× 3
= −7

6
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j components:
7 = b+ λ

7 = b+ 3
b = 4

8. Substitute r =

x
y
z

:

x
y
z

 ·
 3

2
−1

 = 21

3x+ 2y − z = 21

(You should be able to do this by observation in
a single step.)

9. No working required. (Use the inverse of the pro-
cess used for the previous question.)

10. The line is parallel to −6i− 4j + 2k.
−6i− 4j + 2k = −2 (3i + 2j− k)
∴ the line is parallel to (3i + 2j− k)
(3i + 2j− k) is perpendicular to the plane
∴ the line is perpendicular to the plane. �

11. Equate the two expressions for r and simplify: 10
5
−2

+ λ

 4
1
−2

 =

 0
8
−6

+ µ

−1
−3
5


λ

 4
1
−2

− µ
−1
−3
5

 =

−10
3
−4


Equate corresponding components to obtain
three equations:

4λ+ µ = −10
λ+ 3µ = 3

−2λ− 5µ = −4

Solve the first two of these simultaneously to ob-
tain λ = −3, µ = 2.

Substitute these values into the third equation.
If it is consistent, then the two lines intersect.

−2(−3) − 5(2) = −4 is consistent, so the lines
intersect.

Determine the point of intersection by substitut-
ing either λ or µ into its original equation:

r =

 10
5
−2

− 3

 4
1
−2


=

−2
2
4


12.

 1
−2
3

+ λ

−1
3
2

 =

 3
13
−15

+ µ

−1
0
4


λ

−1
3
2

− µ
−1

0
4

 =

 2
15
−18



Equating corresponding components:

−λ+ µ = 2
3λ = 15

2λ− 4µ = −18

Solve the first two of these simultaneously to ob-
tain λ = 5, µ = 7.

2(5) − 4(7) = −18 is consistent, so the lines in-
tersect.

The position vector of the point of intersection
is:

r = i− 2j + 3k + 5 (−i + 3j + 2k)
= −4i + 13j + 13k

13. (a)

 13
1
8

+ λ

 2
−1
3

 =

 12
2
6

+ µ

 5
3
−8


λ

 2
−1
3

− µ
 5

3
−8

 =

−1
1
−2


Equating corresponding components:
2λ− 5µ = −1
−λ− 3µ = 1
3λ+ 8µ = −2

Solve the first two of these simultaneously
to obtain λ = − 8

11 , µ = − 1
11 .

3
(
− 8

11

)
+ 8

(
− 1

11

)
= − 32

11 6= −2 is inconsis-
tent, so the lines do not intersect.

(b)

 13
1
8

+ λ

 2
−1
3

 =

−5
2
−3

+ β

 2
1
−1


λ

 2
−1
3

− β
 2

1
−1

 =

−18
1
−11


Equating corresponding components:
2λ− 2β = −18
−λ− β = 1
3λ+ β = −11

Solve the first two of these simultaneously
to obtain λ = −5, β = 4.
3(−5)+(4) = −11 is consistent, so the lines
intersect.
The position vector of the point of intersec-
tion is:
r = 13i + j + 8k− 5 (2i− j + 3k)

= 3i + 6j− 7k
The angle between the lines is given by

cos θ =
(2i− j + 3k) · (2i + j− k)
| (2i− j + 3k) || (2i + j− k) |

=
4− 1− 3

| (2i− j + 3k) || (2i + j− k) |
= 0

The angle between the lines is 90◦.
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14. (a) Choose one component (say, i) and solve for
λ, then confirm that the same value of λ sat-
isfies both of the other components.
i components: −4 = 1 + 5λ

λ = −1
j components: −5 = −2 + 3(−1) 4

k components: 7 = 5− 2(−1) 4

The same value of λ satisfies all three com-
ponents, so point A is on line L.

(b) i components: 10 = 1 + 5λ

λ =
9
5

j components: 3 6= −2 + 3(
9
5

) 7

The same value of λ does not satisfy both i
and j components, so point B is not on line
L.

(c) Point A:
(−4i− 5j + 7k) · (−i + 3j + 2k) = 4− 15 + 14

= 3 4

Point B:
(10i + 3j + 2k) · (−i + 3j + 2k) = −10 + 9 + 4

= 3 4

(d) If line L lies on plane Π then every point on
L must satisfy the defining equation for Π. 1

−2
5

+ λ

 5
3
−2

 ·
−1

3
2

 = 3

 1
−2
5

 ·
−1

3
2

+ λ

 5
3
−2

 ·
−1

3
2

 = 3

−1− 6 + 10 + λ(−5 + 9− 4) = 3
3 + λ(0) = 3

which is true for all λ.

15.
−→
AB = tAvB−3

−8
2

−
−10

20
−12

 = t

 5
−10

6

−
 4
−6
4


 7
−28
14

 = t

 1
−4
2


t = 7 s
r = rA + tvA

=

−10
20
−12

+ 7

 5
−10

6


=

 25
−50
30

 m

16. c =

 2
2
1

−
 1

2
0


=

 1
0
1



Check that

 1
0
1

 is not parallel to

 1
−3
−5

 4

r =

 2
2
1

+ λ

 1
−3
−5

+ µ

 1
0
1


Parametric equations:

x = 2 +λ+µ ¬

y = 2−3λ 

z = 1−5λ+µ ®

Eliminate λ from ¬ and ®:{
3x+y = 8+3µ (3×¬+)→¯

5y−3z = 7−3µ (5×−3×®)→°

Now eliminate µ and simplify:

3x+6y−3z = 15 (¯+°)

x+2y −z = 5

In scalar product form:x
y
z

 ·
 1

2
−1

 = 5

r ·

 1
2
−1

 = 5

17. (2i + 13j + k + λ (−i + 3j− 2k)) · (2i− j− k) = 11
4− 13− 1 + λ(−2− 3 + 2) = 11

−10− 3λ = 11
λ = −7

r = 2i + 13j + k− 7 (−i + 3j− 2k)
= 9i− 8j + 15k

18. Let D represent the position of the debris and S
the position of the spacecraft, then for a collision
to occur −→

DS = tdebrisvspacecraft 5750
−13250

3370

−
 1200

3000
900

 = t

 2000
−3600
1000

−
 600

1400
240


 4550
−16250

2470

 = t

 1400
−5000

760


i : t =

4550
1400

= 3.25

j : t =
−16250
−5000

= 3.25

k : t =
2470
760

= 3.25

The spacecraft and debris will collide at time
t = 3.25 hours.
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19. Position of the fighter at the time of interception
is

r = (150i + 470j + 2k) +
10
60

(300i + 180j)

= (200i + 500j + 2k) km

Call this point P, and call the initial position of
the fighter point A, then
−→
AP = (200i + 500j + 2k)− (80i + 400j + 3k)

= (120i + 100j− k) km

−→
AP = tvA

120i + 100j− k =
10
60

vA

vA = 6 (120i + 100j− k)
= (720i + 600j− 6k) km/h

20. Let P be the point of minimum separation.

A

B

P

AvB

−→
AB = rB − rA

=

 2
40
26

−
 30
−37
−30


=

−28
77
56



AvB = vA − vB

=

 5
8
3

−
 8

0
−2


=

−3
8
5


−→
BP = −

−→
AB + tAvB

= −

−28
77
56

+ t

−3
8
5


−→
BP · AvB = 0−

−28
77
56

+ t

−3
8
5

 ·
−3

8
5

 = 0

(−84− 616− 280) + t(9 + 64 + 25) = 0
−980 + 98t = 0

t = 10s

−→
BP = −

−28
77
56

+ 10

−3
8
5


=

−2
−3
−6


|
−→
BP| =

√
(−2)2 + (−3)2 + (−6)2

= 7m

21.

 2
−2
1

 is normal to plane Π1.−2
2
−1

 is normal to plane Π2.−2
2
−1

 = −1

 2
−2
1

.

∴

−2
2
−1

 ‖
 2
−2
1


∴

 2
−2
1

 is normal to plane Π2.

∴ Π2 ‖ Π1 �

Another approach: proof by contradiction.

Suppose Π1 and Π2 are not parallel. If that is the
case, there exists a line of intersection between
the planes, i.e. a set of points r that simultane-
ously satisfies

r ·

 2
−2
1

 = 12 (¬)

and

r ·

−2
2
−1

 = 15 ()

Starting with :

r ·

−2
2
−1

 = 15

r ·

−1

 2
−2
1

 = 15

−r ·

 2
−2
1

 = 15

r ·

 2
−2
1

 = −15

9
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substituting ¬

12 = −15

which means that our original supposition leads
to a contradiction, hence Π1 and Π2 are paral-
lel. �

To find the distance the planes are apart, con-
sider the line

r = λ

 2
−2
1


We know that this line is perpendicular to both
planes, so the distance along this line between the
point where it intercepts Π1 and where it inter-
cepts Π2 will represent the perpendicular (and
hence minimum) distance between the planes.
Call these points P1 and P2.

λ1

 2
−2
1

 ·
 2
−2
1

 = 12

λ1(4 + 4 + 1) = 12

λ1 =
4
3

P1 =
4
3

 2
−2
1



λ2

 2
−2
1

 ·
−2

2
−1

 = 15

λ2(−4− 4− 1) = 15

λ2 = −5
3

P2 = −5
3

 2
−2
1


−−−→
P2P1 =

4
3

 2
−2
1

−−5
3

 2
−2
1


= 3

 2
−2
1


|
−−−→
P2P1| = 3

√
22 + (−2)2 + 12

= 9

The planes are 8 units apart.

22. (a) r = (−10000i− 5000j + 500k)
+ 60 (80i + 50j + 5k)

= (−5200i− 2000j + 800k)

(b) When it is due west, the j component will
be zero.
−5 000 + 50t = 0

t = 100s
i.e. at 1 minute and 40 seconds after 1pm.

(c) When it is due north, the i component will
be zero.
−10 000 + 80t = 0

t = 125s
i.e. at 2 minutes and 5 seconds after 1pm.
The altitude at that time is given by the k
component:
500 + 5× 125t = 1 125m

(d) Five minutes is 300 seconds:
r = (−10000i− 5000j + 500k)

+ 300 (80i + 50j + 5k)
= (14000i + 10000j + 2000k)

distance =
√

140002 + 100002 + 20002

= 2000
√

72 + 52 + 12

= 10000
√

3m

= 10
√

3km

(e) Let P be the position nearest O.

−→
OP =

−10000
−5000

500

+ t

 80
50
5



−→
OP ·

 80
50
5

 = 0

−10000
−5000

500

+ t

 80
50
5

 ·
 80

50
5

 = 0

(−800000− 250000 + 2500)
+t(6400 + 2500 + 25) = 0
−1052500 + 8925t = 0

t = 118s

−→
OP =

−10000
−5000

500

+ 118

 80
50
5


=

−566
896
1090


|
−→
OP| =

√
(−566)2 + (896)2 + (1090)2

= 1520m
= 1.52km
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Miscellaneous Exercise 3

1. (a) No working needed. Refer to the answer in
Sadler.

(b) No working needed. Refer to the answer in
Sadler.

(c) cos θ =
p · q
|p||q|

=
2×−2 + 3× 4 +−2× 3√

22 + 32 + (−2)2
√

(−2)2 + 42 + 32

=
2√

17
√

29
θ = 85◦

(d) cos θ =
p · i
|p||i|

=
2√
17

θ = 61◦

(e) cos θ =
q · j
|q||j|

=
4√
29

θ = 42◦

2.

 2
0
2

+ λ

 2
3
−2

 =

−2
1
6

+ µ

−2
−1
2


λ

 2
3
−2

− µ
−2
−1
2

 =

−4
1
4


2λ+ 2µ = −4 ¬

3λ+ µ = 1 

−2λ− 2µ = 4 ®

4λ = 6 2× + ®

λ =
3
2

−2
(

3
2

)
− 2µ = 4 subst. ®

µ = −7
2

We would normally need to confirm that these
values work in the third equation (i.e. ¬) but in
this case ¬ and ® are redundant (i.e. they can
be rearranged to be identical equations) so any
solution of ® must also be a solution of ¬. (This
also means that we didn’t really need to find µ.)

The point of intersection is given by:

r = 2i + 2k + λ (2i + 3j− 2k)

= 2i + 2k +
3
2

(2i + 3j− 2k)

= 5i + 4.5j− k

3. The resultant is

(i + 5j− 4k) + (i− 3j + 3k) = 2i + 2j− k

This has magnitude√
22 + 22 + (−1)2 = 3

so a unit vector parallel to the resultant is

1
3

(2i + 2j− k)

4. f(x) = x2 + 3x
dy
dx

= lim
h→0

f(x+ h)− f(x)
h

= lim
h→0

(
(x+ h)2 + 3(x+ h)

)
−
(
x2 + 3x

)
h

= lim
h→0

x2 + 2xh+ h2 + 3x+ 3h− x2 − 3x
h

= lim
h→0

2xh+ h2 + 3h
h

= lim
h→0

(2x+ h+ 3)

= 2x+ 3

5. (a) z =
3 + 5

√
3i

−3 + 2
√

3i

=
3 + 5

√
3i

−3 + 2
√

3i
−3− 2

√
3i

−3− 2
√

3i

=
−9− 6

√
3i− 15

√
3i + 30

9 + 6
√

3i− 6
√

3i + 12

=
21− 21

√
3i

21
= 1−

√
3i

(b) r =
√

12 + (−
√

3)2

= 2
θ is in the 4th quadrant (positive real
component, negative imaginary component)
and

tan θ =
−
√

3
1

θ = −π
3

∴ z = 2 cis
(
−π

3

)

6. cos θ =

 2
3
−2

 ·
 3
−2
1


∣∣∣∣∣∣
 2

3
−2

∣∣∣∣∣∣
∣∣∣∣∣∣
 3
−2
1

∣∣∣∣∣∣
=

−2√
17
√

14
θ = 97.4◦
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7. 4 cis
−π
6

= 4 cos
−π
6

+
(

4 sin
−π
6

)
i

= 2
√

3− 2i
1

4 cis −π6
=

1
2
√

3− 2i

=
1

2
√

3− 2i
2
√

3 + 2i
2
√

3 + 2i

=
2
√

3 + 2i
12 + 4

√
3i− 4

√
3i + 4

=
2
√

3 + 2i
16

=
√

3
8

+
1
8

i

Alternatively:
1

4 cis −π6
=

1
4

cis
(

0− −π
6

)
=

1
4

cis
π

6

=
1
4

(
cos

π

6

)
+

1
4

(
sin

π

6

)
i

=
1
4

(√
3

2

)
+

1
4

(
1
2

)
i

=
√

3
8

+
1
8

i

8. No working required. If you’re having trouble
understanding this question, think about what
operation a 90◦ rotation in the Argand plane rep-
resents.

9. (a) The first line is parallel to (3i− 2j + k) and
the second parallel to (6i− 4j + 2k). Since
these are scalar multiples, the lines are par-
allel.

(b) First observe that the lines are not parallel.
Next equate the lines and rearrange to make
three equations from the three components:

−λ− 2µ = −7
3λ− µ = 0
λ− 2µ = −15

Solve the first two simultaneously

λ = 1
µ = 3

Does this solution satisfy the third equa-
tion?

(1)− 2(3) 6= −15

No: they are skew lines.
(c) First observe that the lines are not parallel.

Next equate the lines and rearrange to make
three equations from the three components:

−λ− µ = 1
λ = −3

λ− 2µ = −7

Solve the first two simultaneously

λ = −3
µ = 2

Does this solution satisfy the third equa-
tion?

(−3)− 2(2) = −7

Yes: the lines intersect.

(d) The first line is parallel to (i + j− k) and
the second parallel to (−i− j + k). Since
these are scalar multiples, the lines are par-
allel.

10. The height corresponds to the k component, so

3λ = 180
λ = 60

and the initial position is

r = 60 (10i + 4j + 3k)
= (600i + 240j + 180k) m

The displacement from there to the touchdown
point at (0i + 0j + 0k) m is

s = (0)− (600i + 240j + 180k)
= (−600i− 240j− 180k) m

giving a velocity of

v =
1
15

(−600i− 240j− 180k)

= (−40i− 16j− 12k) m/s

The distance travelled is

d = | (−600i− 240j− 180k) |

= 60
√

102 + 42 + 32

= 670m

11. (a) zw = (2)(1) cis
(π

4
+
π

6

)
= 2 cis

5π
12

(b)
z

w
=

2
1

cis
(π

4
− π

6

)
= 2 cis

π

12

(c) w2 = 12 cis
(

2× π

6

)
= cis

π

3

12
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(d) z3 = 23 cis
(

3× π

4

)
= 8 cis

3π
4

(e) w9 = 19 cis
(

9× π

6

)
= cis

3π
2

= cis
(
−π

2

)

(f) z9 = 29 cis
(

9× π

4

)
= 512 cis

9π
4

= 512 cis
π

4

12. The first part of this question is really a 2D ques-
tion, since “passes directly over” means we are
not concerned with depth, so ignore the k com-
ponent until it comes to finding the depth of the
submarine.

(1150i + 827j) + t (10i− 2j) = (1345i + 970j) + t (−5i− 13j)
t ((10i− 2j)− (−5i− 13j)) = (1345i + 970j)− (1150i + 827j)

t (15i + 11j) = (195i + 143j)
t = 13

satisfies both components, so the tanker passes
over the submarine at t = 13 seconds. The depth
of the submarine at that time is

d = 4× 13
= 52 m below the surface.

13. The plane r ·

 2
−3
6

 = −14 is perpendicular to

the line r = λ

 2
−3
6

.

The plane r ·

 2
−3
6

 = 42 is perpendicular to

the line r = λ

 2
−3
6

.

Two planes perpendicular to the same line are be
parallel to each other. Therefore the two planes
are parallel.

The perpendicular line r = λ

 2
−3
6

 intersects

plane r ·

 2
−3
6

 = −14 at point A:

λ
 2
−3
6

 ·
 2
−3
6

 = −14

λ(4 + 9 + 36) = −14
49λ = −14

λ = −2
7

rA = −2
7

 2
−3
6


The same line intersects plane r ·

 2
−3
6

 = 42

at point B:λ
 2
−3
6

 ·
 2
−3
6

 = 42

λ(4 + 9 + 36) = 42
49λ = 42

λ =
6
7

rB =
6
7

 2
−3
6


−→
AB =

6
7

 2
−3
6

−−2
7

 2
−3
6


=

8
7

 2
−3
6


|
−→
AB| = 8

7

√
22 + (−3)2 + 62

= 8

The distance between the planes is 8 units.
We can generalise this result. Suppose we have
a pair of parallel planes expressed as

r · n = a

and r · n = b

These planes are perpendicular to the line

r = λn

The points of intersection between the planes and
this line are given by

(λAn) · n = a

λA =
a

n · n
rA = λAn

=
a

n · n
n

=
a

|n|2
n

13
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similarly

rB =
b

|n|2
n

−→
AB = rB − rA

=
b− a
|n|2

n

|
−→
AB| = |b− a|

|n|2
|n|

=
|b− a|
|n|

14. Let P be the point on the line nearest the origin.−→
OP is perpendicular to the line. 2

3
−1

+ λP

 5
2
1

 ·
 5

2
1

 = 0

(10 + 6− 1) + λP(25 + 4 + 1) = 0
15 + 30λP = 0

λP = −0.5

−→
OP =

 2
3
−1

− 0.5

 5
2
1


=

−0.5
2
−1.5


|
−→
OP| =

√
(−0.5)2 + 22 + (−1.5)2

=
1
2

√
(−1)2 + 42 + (−3)2

=
√

26
2

15. Let A be the point

 1
0
−4

. Let P be the point

on the line nearest to A.
−→
AP is perpendicular to

the line.

−→
OP =

−3
−7
8

+ λP

 3
4
−5


−→
AP =

−3
−7
8

+ λP

 3
4
−5

−
 1

0
−4


=

−4
−7
12

+ λP

 3
4
−5



−4
−7
12

+ λP

 3
4
−5

 ·
 3

4
−5

 = 0

(−12− 28− 60) + λP(9 + 16 + 25) = 0
−100 + 50λP = 0

λP = 2

−→
AP =

−4
−7
12

+ 2

 3
4
−5


=

 2
1
2


AP =

√
22 + 12 + 22

= 3 units
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