Chapter 2

Exercise 2A

L () |o|= V& + (37

=5

(b) |2 = V122 +52
—13

(©) |2l = V3 + 22
=13

() |2 = VF + (—2)2
=13

() |2| = V12 +52
=26

(£) |2] = V02 + 52

=5
2. Process:

e Determine which quadrant z lies in on the
Argand diagram by examining the sign of
the real and imaginary parts

e Use inverse tangent to determine the angle
made with the real axis on an argand dia-
gram.

e Combine these to obtain the principal argu-

ment.
2
(a) 1°" Quadrant: tanf = 3
oo
argz = -
-2
(b) 4 Quadrant: tanf = 5
oo
argz = —

Exercise 2B

1. Read r from the magnitude of z and 6 from the
directed angle (converted to radians) measured
anticlockwise from the positive real axis.

2-9 No working needed. You should be able to do
these questions in a single step, converting to ra-
dians and adding or subtracting a multiple of 2w
where necessary.

2
(c) 2@ Quadrant: tan = -
argz = sm
8577
-2
(d) 3" Quadrant: tanf = —
a 3m
rgz=——
gz 1
2
(e) 27! Quadrant: tanf = _—\/j
2m
argz = —
8273
(f) 4" Quadrant: tanf = %\/g
argz = ——
55773

3. There seems little point in showing working for
these problems.
z1, z2 and z3: subtract 27 to obtain the principal
argument.
z4: add 27 to obtain the principal argument.
25 to z12: read r from the magnitude shown on
the diagram, and determine 6 as the directed an-
gle measured anticlockwise from the positive real
axis.

4. There seems little point in showing working for
these problems.
Determine r by Pythagoras as for question 1.
Determine 6 as for question 2.

5. There seems little point in showing working for
these problems. You should be able to do them
in a single step.

Determine the real and imaginary components by
evaluating the trigonometric expressions exactly
and then multiplying by r.

10. 7cisg =7 (cosg + isin g)

=7(0+1)
=7



Exercise 2C

Solutions to A.J. Sadler’s

12.

13.

14.

15.

16.

17.

=5(0 — i)
= —5i

cism =cosm +isinm
=—-1+01
=1

3cis 2 = 3(cos 2w + isin 2)
= 3(1+ 0i)
=3

(With a little practice you may find you can do
questions like these by simply sketching or visu-
alising an Argand diagram.)
10 cis % =10 (cos % + isin %)
=5V2 +5V2i
2 2 2
4(:18—7r =4 cos—7r —l—isin—7r
3 3 3

= —2+2V3i

2 2T
12 — 4 isin —
(cos 3 + 181n 3)

—6 + 6v/3i

Exercise 2C

1.

2.

3.

zw = (2 + 3i)(5 — 2i)
=10—4i+15i+6
=164 11i

zw = (3+2i)(—1+ 2i)
=-3+6i—21i—4
=—-T+4

zw = 3 X 5¢is(60° + 20°)
= 15¢is 80°

18-21 Do these questions in the same way as question

22.

23.
24.
25.

26.

27.
28.
29.
30.

4.

5.

6.

4 of exercise 2A (i.e. using Pythagoras to find
r and inverse tangent to determine 6, adding or
subtracting 7 for z in the second or third quad-
rant respectively).

(a) The conjugate is a reflection in the real axis:

Im
A

w

(b) z=rcis(—a)

No working needed.
No working needed.

First subtract 360° to get the principal argument,
then multiply this by —1 to obtain the conjugate.

First add 360° to get the principal argument,
then multiply this by —1 to obtain the conjugate.

No working needed.
No working needed.
No working needed.

First subtract 47 to get the principal argument,
then multiply this by —1 to obtain the conjugate.

zw = 3 x 3cis(120° 4 150°)
= 9¢is270°
— 9cis(—90°)

zw = 3 x 3c¢is(30° — 80°)
= 9cis(—50°)

T 0w
=5 2'(7 7)
2W X 218 3+4

s
= 10cis —
cis 13



Unit 3C Specialist Mathematics

Exercise 2C

10.

11.

12.

13.

14.

15.

16.

17.

18.

19. From z, zw has been rotated 40° and scaled by

zw—4><2(;is(z4ﬂ>

4
= 8cis (—g)

zw =2 x 1 (cos (50° + 60°) + isin (50° 4+ 60°))
= 2(cos110° 4+ isin110°)

2w =2 x 3 (cos (170° + 150°) + isin (170° + 150°))
= 6 (cos 320° + isin 320°)
= 6 (cos(—40°) + isin(—40°)‘)

z 6 — 3i
w  3—4i
(6 — 3i)(3 + 4i)
(3 — 4i)(3 + 4i)
18 + 24i — 9i + 12
9+ 16

30 + 15i

25
= 1.2+ 0.6

—6+ 3i
—3 44
—1(6 — 3i)
—1(3 — 4i)
= 1.2+ 0.6i

g |

== gcis(GOO — 40°)
= 4¢is 20°

5
g = 7 cis(120° — 150°)
= 5¢is(—30°)

3
% = 5 cis(~150° — §0°)

= cis(—230°)
= cis(—230° + 360°)
= cis 130°
2 (32
2 5 5
= cis —
2 _ A (T3
5Cis( g 1
=2cis7

g |w
|
RS
/N
o
o}
|95}
7 N

L
=5
|
o
5§ —r
_|_
@,
=
7 N
|
|
o
N———
N——

—925 (cos% tisin Z)

2
5 = = (cos(30° — 50°) + isin(50° — 50°))
= 0.4 (cos0 +1isin0)

2, so
w = 2cis40°

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

From z, zw has been rotated 180—30—50 = 100°
and scaled by 3, so

w = 3cis 100°

From z, zw has been rotated —90° and scaled by
2, s0
w = 2cis(—90°)

From z, zw has been rotated 180 — 110 + 50 =
120° and scaled by 2, so

w = 2cis 120°

From z, zw has been rotated 180 — 110 + 90 =
160° and scaled by 1, so

w = cis 160°

From z, zw has been rotated —140° and scaled
by 2, so
w = 2cis(—140°)

From z, £ has been rotated —120° and scaled by
1, so
w = ¢is 120°

From 2, Z has been rotated —80° and scaled by
%, SO

w = 2cis 80°
From z, Z has been rotated 100° and scaled by
1
3 SO

w = 2¢is(—100°)
(a) 2z =2(6cis40°)

= 12¢is 40°
(b) 3w = 3(2¢is30°)
= 6¢is30°
() zw =6 x 2cis(40° 4+ 30°)
= 12¢is 70°
(d) wz = 2w
= 12¢is 70°
(e) iz = 6c¢is(40° +90°)
= 6¢is 130°
(f) dw = 2¢is(30° + 90°)
= 2¢is 120°

(2) % = 2018(300 —40°)

= %cis(—loo)
(h) é = %cis(O —40°)

1
=3 cis(—40°)

2t 37w

:8 4 is(— —_—

(a) zw x (:15(3 + 4)
177
= 32cis —
cis 7o

s
=32cis [ ——
015( 12)



Exercise 2D

Solutions to A.J. Sadler’s

w 4 . 3m 27
© 5 =597 %)
™
=0.5cis —
CIS 12

Exercise 2D

1-5 No working required.

6.

First rewrite as z : |z — (3 — 3i)| =3

7. Think of this as points equidistant between (—8+

10.

11.

12.

0i) and (0+4i). Plot those points on the Argand
diagram, and the locus is the perpendicular bi-
sector of the line segment between them.

. Think of this as points equidistant between (—2—

3i) and (4 —i). Plot those points on the Argand
diagram, and the locus is the perpendicular bi-
sector of the line segment between them.

Since © = Re(z), z : Re(z) = b is the vertical line
T = 5.

Since y = Im(z), z : Im(z) = —4 is the horizontal
line y = —4.
0 =argz
tand = 2
x
T—_Y
tan — = =
an o =~

y=+3x:2>0
We need to specify > 0 to exclude the 4** quad-
rant.

0 =argz

<

tanf =

T

™ _ Y
n(-5) =
an 3 -

y=—V3x:2>0
We need to specify x > 0 to exclude the
quadrant.

2nd

13.

14.

15.

Simply substitute x for Re(z) and y for Im(z) to
give z +y = 6.

|z| =6
/ 2 + yQ =6
a? +y* =36
This is a circular region centred at (0,4) having

radius 3. You should be able to produce a Carte-
sian equation from this description, or you can
do it algebraically:

|z —4i| <3
|+ (y —4)i| <3

Vit +(y—4)2<3

x2+(y—4)2§9

You have to be careful with inequalities like this
because multiplying both sides of the equation by
a negative changes the direction of the inequal-
ity. It can be particularly tricky when you square
both sides of an inequation as we have in the last
step here: you have to make sure you know with
certainty that both sides are positive. For exam-
ple, a < 2 is not the same as a? < 4. We are safe
here, however, since the square root on the left
hand side is always positive and so is 3 on the
right hand side.

16. This is a circle radius 4 centred at (2, 3).

|z —(2+3i)| =4
l(z—2)+ (y—3)i[=4
(x—2)*+(y—3)?2=16
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Exercise 2D

17. This is a circle radius 4 centred at (2, —3).

|2 — 2+ 3i| = 4
[(z—=2)+ (y+3)i| =4
(r—2°+(y+3)*=16

18. This is a line defined by the locus of points
equidistant from (2,0) and (6,0), i.e. the ver-
tical line « = 4. Showing this algebraically:

|z —2| = |z — 6]
[(z = 2) +yi| = |(z — 6) + il
(=22 +y* = (2 -6)* +y°
2?2 —dx 4+ 44 9% =22 — 120 + 36 + ¢/
—4dr+4=—-12x+ 36
8z =32
z=4

19. This is a line defined by the locus of points

equidistant from (0, 6) and (2,0):
|z — 6i] = |z — 2|

[z 4+ (y = 6)i] = [(z — 2) +yi

@+ (y—6)* = (x —2)* +y°

22+ 9% — 12y + 36 = 2% — 4z + 4 + o>
—12y +36 = —4x +4
dr — 12y = —32

z—3y=-8
20. This is a line defined by the locus of
points equidistant from (2,1) and (4,—5):

[z = (241)] =]z — (4 — 51)]
(& —2) + (g — il = |z — 4) + (y + )i

(=24 (@y—1)°= (@ -4+ (y+5)°
2 —dx+44+1y? -2y +1=2>—8x+ 16 +y> + 10y + 25
4z — 12y = 36
z—3y=9

21. This is a doughnut-shaped region centred at the
origin, including all points on or inside the 5-unit
circle and on or outside the 3-unit circle. For the
Cartesian equation, substitute \/z2 + y? for |z|.

22. This is the region in the first quadrant bounded

below by the line z = % and above by the line
z=7%.
r< 0 <3
tan % < tanf < tan%
H< L VB
H< oy Vo 220

Note that the second line above (where we take
the tangent) is only valid because the tangent
function is ”strictly increasing” in the first quad-
rant, so ¢ > b implies tana > tanb. This is only
true for functions that have positive gradient in
the given domain.

The step taken in the last step (multiplication by
x) is only valid because we restrict > 0. (If =
was negative, this step would change the direc-
tion of the inequalities.

An alternative, possibly simpler, approach to this
question would be to first observe that the spec-

ified region lies above (or on) the line y = e

and below (or on) the line y = v/3z, (again using
tanf = ¥ to obtain these equations). This is es-
sentially doing the same thing as the above, but
it’s perhaps a more intuitive way of looking at it.

23. We have a circle centred at (—3,3) having a ra-
dius of 2.

(a) The minimum value of Im(z) is 3 —2 = 1.

(b) The maximum value of Re(z) is —3+2 = —1
and the minimum is =3 — 2 = —5 so the
maximum value of |Re(z)| is | — 5| = 5.

(c) The distance between the origin and the
centre of the circle is \/(—3)2 + 32 = 3v/2.
The point on the circle nearest the origin is 2
units nearer, so the minimum |z is 3v/2 — 2.

(d) The point on the circle furthest from the ori-
gin is 2 units further away than the centre,
so the maximum |z| is 3v/2 + 2.

(e) The locus of Z is the reflection in the real
axis of the locus of z. The point on this
image furthest from the origin is the same
distance from the origin as the correspond-
ing point on the original: 3v/2 + 2.

24. We have a circle centred at (4, 3) having a radius
of 2.

(a) The minimum value of Im(z) is 3 —2 = 1.
(b) The maximum value of Re(z) is 4 + 2 = 6.

(c¢) The distance between the origin and the
centre of the circle is v/42 4+ 32 = 5. The
point on the circle furthest from the origin
is 2 units further, so the maximum |z| is
54+2=T.

(d) The point on the circle nearest the origin is
2 units nearer than the centre, so the mini-
mum |z|is 5 —2 = 3.

(e) Consider the geometry of the situation:

Im
A




Miscellaneous Exercise 2

Solutions to A.J. Sadler’s

The minimum value of arg z corresponds to
the angle for the lower tangent, T.

tana = —
o =0.644
. 2
sin g = 3
0 =0.412
0=a—-p
=0.23

Miscellaneous Exercise 2

1. (a) z+w=3+4+2+(—-4+3)i

=5—1i
(b) z—w=3-2+(—4-3)i
=1-Ti
(¢) zw = (3—4i)(2+ 3i)
=6+49i — 8+ 12
=18+1i
(d) 22 = (3 — 4i)?
=9—24i — 16
= —7—24i
z 3—4i
(©) & =573
~(3—4i)(2 - 30)
(24 3i)(2 - 30)
_ 6—91—8i—12
- 449
617
13
__6 17
13 13
w 24+ 3i
f —_— =
() z 3—4i
(24 31)(3 + 4i)
(3 —41)(3 +4i)
64849 — 12
9+ 16
_ —6+17i
T 95
__s8 . Iy
T25 25
2. (a) AB=c
(b) AD = 1AB = L¢

(f) The maximum value of arg z corresponds to
the angle for the upper tangent.

0=a+p
=1.06
(c) DB = 3AB = 3¢
(d) DE = DB + BE
I
—1°T "
5
=-c
4
() OB = OA + AB
=a-+c
(f) OD = OA + AD
—a—f—}c
N 4
(g) CE=CB+BE
*aJrlc
2
(h) OF = OA + AE
3
—a+§c
alternatively
e — " —
OE =0C+ CE
—c—l—a—i—lc
B 2
—a+§c
2
(a) r=/(=3) + (-3V3)?
=v9+27
=6
tan&zi\/g
-3
27 .
0= 3 (third quadrant)

2
—3—3v/3i = 6eis (—5)
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Miscellaneous Exercise 2

=—4V3 -4
4. (a) (2cos §,2sin5) = (0,2)
(b) (5cosm,bsinm) = (—5,0)
(c) (4cos =3T 4sin =3T) = (-2V/2, -2V/2)
1
5. z=1/12 4 12cistan™ 1
7r
2cis —
cis 7
1
w=+/(—1)2 4 12cistan™’ =
3T
2 cis o8
cis 1
3
aw=vavaas (1 +77)
=2cis7
Z_V2 . (7 37
w2 4 4

(-3

6. Show that the variable part of each expression
is a scalar multiple of that of the other, i.e.
(21 — 7j) = —1(—2i + 7j).

7. Show that the variable parts are perpendicular
vectors, using the scalar product, i.e. (61 — 4j) -
(2i+3j)=12—-12=0.

8. (a) The only scalar multiples of non-parallel,
non-zero vectors that equates them is zero,
sop=q=0.

(b) p—3=0sop=23,and g =0.
(¢c) p+2=0sop=—-2,andgq—1=0s0¢q=1.
(d) pa+2b=3a—qgb
pa—3a=—gb—2b
(p—3Ja=(-¢—2)b
p=3
q=-—2
(e) pa+ga+ pb—2gb=3a+6b
(p+q—3)a=(6—p+2)b

p+qg=3

p—2¢=6

p=4
q=—1

(f) pa+2a—2pb="b+5¢b—qga
(p+2+qgla=(1+5qg+2p)b

p+qg=-2
2p+5q = —
—2p—2¢=4
3g=3
qg=1

p=-3

9. 3i+j+ A(7i — 5j) = 5i — 6j + p(4i—j)
(B+TA—5—4p)i=(—6—pu—1+5N)j
(TA—=4p—2)i=0BN—p—"7)j]

TA—4p =2
BA—pu=717
—20A +4p = —28
—13\ =—-26
A=2
r=3i+j+2(7i— 5j)
=171 —

10. (a) La% =322

(c) L@ -7z +3)=22-7

(d) £ ((z+4)(z+2)) = (2 +62+8) = 22+6
(You could use the product rule here if you
preferred.)

(e) %13:1 = %(ﬁ +1)=2z
(You could use the quotient rule here if
you preferred, but this approach is proba-

bly simpler.)

(f) (22 +3)% =3(20+3)(2) = 122+ 18

11. 4 = 66
2
0=—
3
. 2
polar coordinates : (477, 3)

2T
= 4 _—
T T COS 3
= =27
21
— 47 sin —
Y 7 sin 3
= 23w
(—2m,2v/37)

Cartesian coordinates :



Miscellaneous Exercise 2

Solutions to A.J. Sadler’s

12. (a) p(2i+4j) + q(5i — 3j) = —9i + 21j

2p+59g=-9
dp —3q =21
—4p — 10g = 18
—13g =39
q=-3
2p+5(—3)=-9
2p =6

p=3

—9i+21j=3a—3b

(b) p(2i + 4j) + q(5i — 3j) = 4i — 18]

2p+5g =4
4dp — 3q = —18
—4p — 10q = -8
—13q¢ = —26

q=2

2p+5(2)=4
2p = —6
p=-3

4i—18j = —3a+2b

(e) p(2i+4j) + q(5i — 3j) = —7i+ 12j

2p+5q=—T7

dp — 3q =12

—4p —10¢g =14

—13qg = 26

q=—2

2p+5(—2)=-7
2p =3

p=1.5

~7i+12j = 1.5a— 2b

(d) p(2i+ 4j) + q(5i — 3j) = —34i + 23j

2p+5¢=—-34
4p — 3q = 23
—4p — 10g = 68
—13¢ =91
q=—7
2p+5(=7)=—-34
2p=1
p=20.5

—34i +23j = 0.5a— Tb

13. sin? Acos A = (1 —cos? A) cos A = cos A —cos® A

14. sin26cosf = (2sinf cos ) cos
= 2sinf cos? @
= 2sin (1 — sin”0)

= 2sinf — 2sin® 0

15.

16.

2cos’z =2 —sinx
2(1 —sin®z) =2 —sinx

2 —2sin’z =2 —sinz
2

—2sin“x = —sinx
2sinz =1 or sinx =0
sinz = 0.5 x € {0,m,2r}
x e {W Em}
6’ 6
Solutions are 0, &, %’r, T, 2m.

From the first set of points given we can obtain

the Argand diagram:
alm

T ié:’azlé\'
_1;

From the second set we see that the line is the
set of points equidistant from (0+1) and (a + bi),
hence (a + bi) is the reflection of (0 + i) in the

line, thus:
6__Im

5+

4+

7

“1¢

giving us a = 8 and b = 5.

From the third set we see that the line is the set
of points equidistant from (—2+ 0i) and (c+ di),
hence (c+ di) is the reflection of (=2 + 0i) in the
line, thus:
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Miscellaneous Exercise 2

giving us ¢ = 10 and d = 6.

From the fourth set we see that the line is the set
of points equidistant from (—2+5i) and (—e— fi),
hence (—e — fi) is the reflection of (—2 + 5i) in
the line, thus:

9AEIm *ff:fi
8t
71
/6,-

2451, -7 |
44
34
ol
14

I N R

-1y

giving us e = —6 and f = —9.

(7)o (3) = (3) ()
i components:
14 — 8t = —4 + 4t
12t = 18
t=1.5
j components:

74 6(1.5) =14 10(1.5)
Since the value of ¢t = 1.5 satisfies both i and j
components, a collision occurs at 12:30pm + 1.5
hours, i.e. at 2pm. The location of the collision
is given by

18. (a) AVB = VA — VB

=13i+2j — (5i+ 8j)
= 8i — 6

—

BA=rp—rp
= (12i + 15j) — (19i + 16j)
=—-Ti—}j

— —

BP = BA 4+ tavp
= —7i — j+ t(8i — 6§)
=(=7+8)i+ (-1 —6t)j

ﬁ; cAVB = 0
(=74 88)i+ (=1 — 6t)j) - (81 — 6§) = 0
8(—7+8t)—6(—1—6t) =0
—56 + 64t + 6 + 36t =0
100t —50 =10
t=0.5

E—
’B ‘ = [(~7+8x0.5)i+ (—1 — 6 x 0.5)j|

The minimum distance is 0.5 km and occurs
at 3:30pm.

(b) The position of the ships at time ¢ is:
ra(t) = 12i + 155 + ¢(13i + 2j)
= (124 13t)i + (15 + 2t)j
r(t) = 19i + 16§ + £(5i + 8j)
= (19 + 5t)i + (16 + 8¢)j

The displacement AB at time ¢ is given by

AB(t) = rp(t) — ra(t)
= (19 + 5t)i + (16 + 8¢)j
— ((12 + 13t)i + (15 + 2t)j)
= (7 —8t)i+ (1 +6)j
d = |AB|
d? = (7T—8t)% + (1 +6t)?
%d2 = 2(7 — 8t)(—8) + 2(1 + 6t)(6)

= —112+ 128t + 124 72t
= 200t — 100

At the turning point,

d

—d2=0
dt
200t — 100 = 0
t=0.5

d=/(T—8x0.5)2+ (1+6x0.5)2
=32 +42

= 5km

The minimum distance is 0.5 km and occurs
at 3:30pm.
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